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The rapid spread of the coronavirus disease 2019 (COVID-19) pandemic has caused enormous
problems—mainly a large number of deaths—and, so, it is important to construct epidemiological
models for forecasting and prevention. The main objective of this study is to develop a novel
and efficient model F(x), treating the cumulative number of deaths due to COVID-19 using
two competing approaches: the logistic sigmoidal function and an artificial neural network. We
also aim to estimate models for the death rate. This research is retrospective and longitudinal.
Data were downloaded from Johns Hopkins University for four countries: Italy, Mexico, Brazil,
Switzerland, and Peru. It is shown that the basic logistic function is optimal—that is, it has a
running time that cannot be improved—and a new variant of the function is obtained and used.
The novel contribution of this work is the general model that can be used on data that are not
necessarily epidemiological; and with any function, where, as x approaches positive or negative
infinity, the function tends to a constant value. Also, the method of its construction, and the
calculation of high-order derivatives, which allow for the development of an elegant and useful
model, as well as justification of the term “Wave(s)”. The inflection points (i.e., the place where
the concavity changes) are also obtained and validated. Finally, they were applied to real-world
datasets. It is concluded that the obtained models have a high fit, with acceptable root mean
squared error (RMSE) and Pearson correlation coefficients greater than 0.999. The models are
representative, predictive, and optimal and, so, useful to achieve a better understanding of the
pandemic and improve future public health response.

Povzetek:

1 Introduction

The coronavirus disease 2019 (COVID-19) is highly
contagious disease [1| 2] that has caused a high number
of deaths and continues to damage the economy and
society, to name just a few of its impacts. On October
4, 2024, the Heads of the International Monetary Fund
(IMF), the World Bank Group (WBG), and the World
Health Organization (WHO) have agreed on broad
principles for cooperation on pandemic preparedness
(https://www.imf.org; accessed on 7 October 2024).
The development and study of epidemiological models
can be essential to prevent, predict, or mitigate future
epidemics or pandemics [3, 4 5]. They are also neces-
sary for decision making; for example, allowing public
health institutions to take reliable measures in order
to preserve people’s lives [6] [7]. In addition, compar-
ison between countries is considered essential for the
control of COVID-19 [§].

In this study, four countries with different character-
istics were selected for the purposes of modeling, com-
parison, and research, namely, Italy, Mexico, Brazil,

Switzerland, and Peru, for which COVID-19 has re-
sulted in a total of 188,322, 699,276, 333,188, 14,210,
and 219,539 deaths, respectively, according to the ac-
cumulated death time-series of Johns Hopkins Univer-
sity (https://coronavirus.jhu.edu; accessed on 1 Jan-
uary 2024), without considering the deaths registered
after the end of the pandemic. The number of deaths
and mortality rates vary between countries [9] and, in
this work, we demonstrate that they follow a strict
sigmoidal behavior typical of epidemics or pandemics.
The Gompertz model, due to the definition of its for-
mula f(z) =a- e (i.e., double exponential), re-
quires more elementary operations than the most basic
of the sigmoidal functions. Therefore, in this research,
we demonstrate that the logistic function is the most
efficient and optimal for numerical algorithms (e.g.,
machine learning and non-linear regression). There-
fore, given the structure and functionality of the logis-
tic function, we recommend its use in future work.
Additionally, we adapted and obtained a new vari-
ant of the logistic model, which we call logistic 2 or

just the logistic model g(z) = ﬁ, which does
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not lose any of the original model’s properties or qual-
ities. Furthermore, both functions are equivalent.
One of the major contributions of this work is the
general model and the method of its construction.
Each function g(x); corresponds to wave 4. It has the
following characteristics or advantages: It does not re-
quire any form of integration or union of functions,
does not need preliminary work, and it does not re-
quire to add a dummy variable to the data (or to the
function) as in previous works [I0, [II]. Mainly for this
reason and the previous ones it is more efficient:

H, H>
F(l’) - 1+2A1—Blm + 1 +2A2—BQ$ +o Tt
14+ 2Ai—Biw 1+ 2An—an

where F(z) is the expected cumulative number of
deaths, = is the number of days since the first case, n
is the number of waves, 1 < ¢ < n, H; is the height
of the wave i, A; and B; are constants related to the
pandemic.

The main objective of this study is to develop a
novel and efficient model F(z), treating the cumula-
tive number of deaths due to COVID-19 since the pan-
demic began as a variable, using the logistic function.
Furthermore, we compare the proposed model with an
artificial neural network (ANN) which, in this case,
constitutes an ideal opponent.

The first derivative is calculated to explain the death
rate and the magnitude of the COVID-19 waves, where
even its graph represents the considered characteris-
tics. In this way, justification is provided for the de-
nomination of COVID-19 “waves.” Next, the second
derivative is used to calculate the vertical inflection
points (i.e., the point where the sigmoidal function
changes from concave upward to concave downward).
At this point, only one last issue remains to be re-
solved: the second derivative can report false inflec-
tion points. Therefore, the inflection points are val-
idated through the use of the third derivative. The
use of high-order derivatives—specifically, the first
three derivatives—allows for an elegant and irrefutable
mathematical analysis of any model in general. Then,
the proposed model is applied to four representative
countries, yielding novel results.

In ANN and the proposed model, the differences
were minimal. The disadvantage of the ANN is a con-
siderably longer calculation time, when compared to
sigmoidal functions.

This paper is structured as follows: Section [2] de-
scribes related works, Section [3| presents the materials
and methods, and describes the used data. Section
[] demonstrates the results, including those related to
the ANN model, the coupled model, high-order deriva-
tives, and the case study. Finally, the conclusions and
directions for future work are presented in Section [}
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2 Related works

In relation to key publications: While one study has
focused on the Peruvian case, it was limited to the cal-
culation of a function with the Gompertz model and
did not apply ANNSs, and was carried out with incom-
plete data as it was conducted during the pandemic pe-
riod [I0]. There is also a study in which F'(x) was cal-
culated using the Boltzmann sigmoidal function for a
case study (Peru), which was correlated with the social
isolation measures in Peru (qualitative variable) [11],
Table [l illustrates the main differences.

Regarding ANN, several works have used artificial
neural networks for prediction. In India, research has
been carried out on the Multilayer perceptron [12]. In
Brazil, a long short-term memory (LSTM) model has
been used [13], which obtained a correlation coefficient
of 0.96. In the United States and India, various arti-
ficial neural networks have been used with data on
confirmed infections and deaths from COVID-19, of
which the convolutional LSTM stood out, which had
greater precision and a lower error [I4]. Additionally,
in China and other countries, it has been concluded
that ANNs are adequate to predict global infections
and deaths due to COVID-19 [15].

Regarding the use of the logistic sigmoidal function
to analyze pandemics, there have not been many re-
lated studies. One study used the extended logistic
function in this context [16]; however, the authors did
not compare it with an ANN, and did not calculate
derivatives or inflection points.

3 Materials and Methods

It should be noted that this study consider other
model, another data, and use high-order derivatives
of F. And new simple way to couple functions g(x).

3.1 Data Set

The database of the total number of deaths
used in the current study is publicly avail-
able (open access) from the Coronavirus Dis-

ease Data Repository of Johns Hopkins Univer-
sity (https://github.com/CSSEGISandData/COVID-
19; accessed on 1 January 2024). Complete data for
different countries are also available [17].

In order to achieve good results, it is necessary to
work with complete data from the beginning to the
end of the pandemic. Studying partial data may not
be sufficient. In addition, modeling a single wave [I8§]
can be relatively easy. In this work, no function inte-
gration method is required [I0], and a program is used
to process and estimate F.
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In this work

In Key publication

It is not necessary to estimate any horizontal
inflection point as a preliminary procedure to obtain

It is necessary to calculate the horizontal inflection
points.

The logistic sigmoidal function was used. It does
not require the dummy variable q.

The Boltzmann sigmoidal function was used. It
requires the insertion of a dummy variable ¢ in the
model and in the database.

A general model F' was obtained, whose elements
are extended to functions that are not necessarily
sigmoidal, that is, with lim, , . h(z) = L and

lim, o h(x) = R, where L and R are constants.
Finally, it was demonstrated with mathematical
induction. It was applied to four case studies, where

the Peruvian model is:
_ 85.94 114.1
F(l‘) — 1326.07—0.048=x + 14215.96—0.041%z +

13.22 . 3.33
1} 244.35—0.063%z + 14273.16—0.082%z + 14246.8—0.045%x

The Peruvian model is:

F(z,q) = (2—q)(3—q%§l4—q)(5—q) 88.05

(128.95—x) } -
14+e  30.88
113.13

(390.65—x) + 86-49} +
14+e  34.36

18—+ 199.34} -

14+e 26.51

(1-0)(2=0)(G=)(5=0) { R — +213.37} +
14e  17.99

(1-)G-(¢-0)(5=q) {

(1-9)(2=q)(4—q)(5—q)
1

(1—Q)(2—q;513—0)(4—Q) (%ﬁfﬁ 4 216.95}

14e  25.42

o = 0.999905 (the largest). The vertical inflection
points and higher order derivatives were calculated.

o = 0.999. The vertical inflection points and higher
order derivatives were not calculated.

Table 1: Main differences in relation to the key publication

3.2 The sigmoidal logistic function

The sigmoidal logistic model is a function that can be
applied to a time-series [19], which has different appli-
cations such as the representation of epidemic curves.
It is represented by the following function:

B H
1 +eA—B(E7

g(x) (1)

where z is the number of days since the first case,
g(z) is the expected cumulative number of deaths, H is
the height of the wave, A and B are constants related
to the pandemic, and e is a mathematical constant
(i.e., an irrational and transcendental number approx-
imately equal to 2.718281828459045).

In this work, a new version of the logistic function
is used, which we call the logistic2 function or, simply,
the logistic function:

9@ = T @)

where A and B are new pandemic-related constants.
Instead of the irrational number e (which cannot be
expressed as a fraction m/n, where m,n € Z), we
use the natural number 2 as, in computing, we can
efficiently calculate 2% if £ € N. Even a school student
could understand it.

The calculation of high-order derivatives was per-
formed by hand and was checked using the Octave
Software (version 9.1.0). By doing so, we achieved
better factorization and presentation of the functions.

3.3 The program

The program is developed in R (version 4.4.1 - free
software environment for statistical computing and
graphics), and the integrated development environ-
ment (IDE) RStudio Desktop (2024.09.0+375 ”Cran-
berry Hibiscus” release). It is efficient, simple and
easy to understand. The algorithm has the following
procedures:

1. Load libraries (data structures, nonlinear regres-
sion, metrics, graphs, neural networks).

Select country and language.

Load data.

L

Estimate the model (providing starting values).
5. Show goodness-of-fit reports (¢ and RMSE).

6. Export the model F'(x), the first derivative F’(x),
and the second derivative F"'(x).

7. Generate the graph (configuring color, size, reso-
lution, output file, among others).

3.4 Statistical analyses

The Pearson product—moment correlation coefficient
or Pearson correlation coefficient (o for short) is a mea-
sure of linear dependence and its direction between
two quantitative variables. If there is a positive corre-
lation, when one variable changes, the other variable
changes in the same direction; if there is no correlation
(zero), there is no relationship between the variables;
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and, if there is a negative correlation, the opposite of
the positive correlation occurs.

The root mean square error (RMSE) is defined as
the measure of the differences between the values that
are predicted by a model and those that are actually
observed [20]. RMSE is not the only measure for this
purpose [21].

All models in this study have two variables—namely,
the predicted values and the observed data—therefore,
any of the goodness-of-fit measures can be used.

Nonlinear regression was used. For statistical anal-
ysis and graph construction, R software was used.

4 Results

4.1 Case studies

Four countries were considered: Italy (Southern and
Western Europe), Brazil (South America), the Swiss
Confederation (west-central Europe), and Peru (South
America).

Table presents the populations of the study
countries (year 2020), the number of deaths, the
start and end dates of the pandemic (number of
days), and the percentage of deaths in relation to
the population. The population data were down-
loaded from Population Pyramids of the World
(https://www.populationpyramid.net; accessed on 1
September 2024). The last column is the percentage of

deaths in relation to the population = % -100.
pulation
Day one corresponds to the first death. In Italy,

the pandemic began in February 2020, while it began
in March in Brazil, Switzerland, and Peru. The pan-
demic lasted until 9 March 2023. Specifically, it lasted
1113 days in Italy, 1088 days in Brazil, and 1099 days
in Switzerland and Peru.

From Table [2] it can be seen that the country that
had a considerably higher percentage of deaths, ac-
cording to the total number of inhabitants, was Peru
(0.66%), followed by Italy (0.32%), and ending in a tie
between Brazil and Switzerland (0.16%).

These countries differ, for example, in terms of
their location, population, and number of deaths from
COVID-19, among other aspects. However, in relation
to the start and end dates of the pandemic, they do
not differ greatly.

4.2 Artificial neural networks

In machine learning, a neural network (NN), also
called an artificial neural network (ANN), is a model
composed of connected units or nodes called neurons.
The main feature is their ability to automatically learn
and extract characteristics from input data [25].
Long short-term memory (LSTM) is a type of re-
current neural network (RNN) architecture designed

O. Vilca

to address the limitations of traditional RNNs, espe-
cially when it comes to learning long-term dependen-
cies. The main innovation of LSTM is the use of gating
mechanisms to control the flow of information through
the network. This allows them to maintain and update
their internal state over long periods [26], 27 28].

For better results, it is convenient to select the most
appropriate architecture and configure its parameters.

R provides libraries and frameworks that simplify
the process of building and training neural networks,
including LSTM networks. The Keras library provides
a high-level interface for building and training neural
networks. To the best of the authors’ knowledge, in
most previous works, the Python programming lan-
guage was used.

To avoid biases in time measurement, we used the
computer: HP 11th Generation Intel(R) Core™ i7, and
development language: R programming language for
statistical computing and graphics.

The data were scaled and split: 90% of the data was
used for training and the rest was retained for testing.
The LSTM was used with the following characteristics:
three layers (1 input neuron, 200 neurons in the hidden
layer, and 1 output neuron), the “adam” optimizer,
loss = “mse”, epochs = 200, and batch_size = 1.

On one hand, the RMSE of the ANN was quite
acceptable, being less than 0.72 (on scaled data, see
Table . On the other hand, the Pearson correla-
tion coefficients (o) were also quite good: those for
Italy, Brazil, Switzerland, and Peru were 0.9999236,
0.9999440, 0.9999472, and 0.9998413, respectively
(usually varying with each execution). In ANNs, train-
ing took a considerable running time (i.e., more than
8 minutes), and their performance can be improved by
expanding their parameters, at the cost of additional
time.

For the ANN, the o did not differ much from each
other; this is because ANNs adapt well to data. How-
ever, sigmoidal logistic models require the data to fol-
low a pattern.

In general, for some countries the data fit better;
however, all countries were fit fairly well.

Finally, with the parameter settings of an ANN,
there is not much that can be done.

4.3 Calculating the number of
operations of sigmoidal functions

The execution time of a sigmoidal function depends on
the type and number of operations. In general, the or-
der of the execution time of the operations, from small-
est to largest, is as follows: (1) addition or subtraction,
(2) multiplication or division, and (3) exponentiation
with a real number in the exponent; that is, addition/-
subtraction is calculated faster than the other two, and
multiplication/division is generally faster than expo-
nentiation.
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Country  Population Number Start and end date of the pandemic (number Percentage
of deaths of days) of deaths

Italy 59,500,079 188,322 From 21 February 2020 to 9 March 2023 (1113 days) 0.32 %

Brazil 213,196,304 333,188 From 17 March 2020 to 9 March 2023 (1088 days) 0.16 %

Switzerland 8,638,613 14,210 From 06 March 2020 to 9 March 2023 (1099 days) 0.16 %

Peru 33,304,756 219,539 From 06 March 2020 to 9 March 2023 (1099 days) 0.66 %

Table 2: Population of the study countries (year 2020), the number of deaths, start and end dates of the
pandemic (number of days), and the percentage of deaths in relation to the population

Country Number of days Correlation coef- Determination Root mean
ficient R coefficient R? square error

Ttaly 1113 0.9999236 0.9998472 0.713694600

Brazil 1088 0.9999440 0.9998881 0.008530093

Switzerland 1099 0.9999472 0.9998945 0.003714717

Peru 1099 0.9998413 0.9996826 0.009235257

Table 3: Measures of the ANN

Then, for evaluation, the functions were grouped
into types: those based on the Gompertz function
(representing the double exponential functions), based
on the hyperbolic tangent function (representing the
extended functions of the logistic function), and based
on the logistic function. The number of operations in
each group was then calculated, as detailed in Table[d]

The Gompertz function was found to be the least
suitable, as it has two exponential operations, two mul-
tiplication operations, and one subtraction operation.
Meanwhile, the hyperbolic tangent function has an ad-
ditional subtraction operation in relation to the logis-
tic function. The Boltzmann function has two divi-
sions (generally, in computing, the division operation
costs more than multiplication). Finally, the logistic
function was selected as it has the fewest operations.
It could barely be equaled by some extended sigmoidal
functions and, therefore, it was considered to be opti-
mal in terms of running time.

4.4 The model

First of all, it was necessary to select an optimal and
efficient sigmoidal function. Subsequently, a general
model was developed.

The fundamental element of the model is the logis-
tic sigmoidal function, equation . Specifically, the
model F(z) is a series of ordered elements, that is,
a summation of logistic functions, starting with the
function g(x); for the first wave, g(x)s for the second
wave, and so on up to g(z), for the last wave. The
basic structure is:

F(z)=g@)hi+g@)z+-+g@)i+ - +g@)n (3)
It has the following characteristics or advantages:

First, it does not require any form of integration or

union of functions, and second, it does not need to
add a dummy variable to the data or to the function
as in previous publications [10] [T1].

Theorem 1. The coupled function with n sigmoidal
logistic functions is:

H1 H2
F(z) = 1+2A1—Blw+1+2~42—32x+'”+
1+2A,;—Bia: +oee 1_|_2An—Bnac’ (4)

where F(z) is the expected cumulative number of
deaths, x is the number of days since the first case, n
is the number of waves, 1 < i < n, H;, is the height
of the wave i, A; and B; are constants related to the
pandemic.

Furthermore, o < 21 < 29 < --- < x,, are consec-
utive real numbers that determine the intervals of the
logistic functions. The function g(z); is defined on the
interval x € [z;_1,x;]; Vo > x4, g(x); tends to H;, and
Vo < x;_1, g(x); tends to 0 (limits of the sigmoidal
logistic function).

Proof. Let xp < 1 < 9 < -+ < x, be consecu-
tive real numbers determining the intervals of logistic
functions. The function g(x); is defined on the initial
interval © € [xg, x1], and for > x1, g(x); tends to the
constant Hy (right asymptote of a sigmoidal function,
lim, o g(2)1 = Hy). In general, the function g(z); is
defined on the interval z € [z;_1, x;] (the i-th " wave”);
Ya > x;, g(x); tends to H;, and Vz < x;_1, g(z); tends
to 0.

Proof of F(z) by mathematical induction: Base
case (trivial), for two functions; if x < =z, then
F(z) = 0; if © € [zg,x1], then F(x) = g(z)1; if
© € 31, 3], then F(2) ~ H, + g(x)2 ~ g(2)1 + g(2)a,

and if ¢ > x9, then F(z) ~ H; + Hy. Induc-
tion hypothesis: F(z) = ;;:11 (H_Qgi’ijgwy Vo €
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Sigmoidal function Number of power

Number of multi- Number of addition or

operations plication or divi- subtraction operations
sion operations
Gompertz function: 2 2 1
G(z)=a- e
Hyperbolic tangent function: 1 2 3
tanh(:c) =U — HTAZ'*A)
Boltzmann function: 1 2 2
H
F(z) = 1te€—2/D
Logistic function: 1 2 2
F (iU) = ﬁ
Table 4: Number of operations in sigmoidal functions
[z0,zi—1]. Then, F(z) ~ 0, Vo < xzo; F(z) =

Skt (Ttims
k=1 \ T724%—Br=

hypothesis); and F(x) ~ 22:1 Hy,Yx > x;, because,
limg oo g(x) = 0,V > x;, and Vi > i.
Finally, F(z) is defined by the equation .

), Vz € [zo,x;] (by the induction
0

The model is understandable and efficient in running
time.

The construction of F' extends to other functions,
and it is not necessary that each g(z) be defined ex-
clusively on an interval. The only condition is that the
limits of F'(x) as x tends to +oo are constant.

Theorem 2. The coupled function with n functions
is:

F(z) =hx)1 +h(z)y +- -+ h(x); + -+ h(x)n, (5)
where, each h(x); is a function with left and right hor-
izontal asymptotes, that is,

lim, o h(z) = L, and lim,_, o h(z) = R, where L
and R are constants.

The proof is similar to Theorem 1. If there are two
or more functions with total or partial intersection of
their intervals, that is, they are defined in the same
interval, they are added.

Figure[I]shows the coupling of four functions: Gom-
pertz, Logistic, algebraic, and wave function. Only the
first two are properly sigmoidal, the third is an alge-
braic function with sigmoidal behavior, and the last is
the wave function. It is possible to include different
functions that meet the conditions explained, for ex-
ample, the normal distribution function. On the other
hand, the quadratic function y = 22, cannot be cou-
pled.

The function y = F(z) is described by equation @:

2—a 2 (I - 20)

+ +
1 10—z _ 2
+e 1+ /14 (z—20)

Sigmoidal f.

n x — 30
4

Wave function

2-e ¢
—
Gompertz f.

Algebraic function

)+ (6)

The wave function satisfies the requirement of The-
orem 2. Proof: By definition —1 < sin(z) < 1,
it follows that, —e% < sil) o1 Since the

2 T2
er e
limits of both functions are equal, limg_,co ——

(2—30)2

—de 7

oz2
lim, oo e% = 0, it follows that lim,_, e~ sin (z) =
0 (squeeze theorem), and in the same way we can ob-
tain limg,_y_ oo e~ sin () =0.0

Finally, the code to graph F(z) in R is:

y = function(x){

2xe”( -e~(2-%x) ) + 2/(C 1+e~( 10-x ) ) +
(x-20)/sqrt ( 1+(x-20)"2 ) -
4xe”(-(x-30)"2/4)*sin((x-30)/4) + 1

}
plot(y, O, ")

37, col="green

4.5 The Logistic function of the
cumulative number of deaths

The logistic function F(x) is a set of functions, which
are ordered sequentially and do not overlap. Each
function corresponds to a wave of COVID-19.

Figure[2]represents the cumulative number of deaths
from COVID-19. The dataset (observed data) are rep-
resented in gray, and the logistic function in blue. Re-
mark, while the sigmoidal shape of the later waves
cannot be distinguished due to the scale (thousands
on the ordinate axis), it is visible if these (one or two)
waves are plotted exclusively.

In all cases, the first two or three waves were rela-
tively larger, and they lasted longer (their length on
the x-axis is the duration in days); in addition, they
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e 2 (x-20) o2 (x—=30
6] [Fx)=2-e° + ot —4e” + sin +1
1+ 4 1+ (x-20)2 4

Legend

Coupled function

0 5 10 15 20
X

25 30

35

Figure 1: The coupled function F(z) is made up of four functions: Gompertz, Logistic, algebraic, and wave.
Only the first two are properly sigmoidal, the third is an algebraic function with sigmoidal behavior and the

last is the wave function.

Country Number of days Pearson Correla- Coefficient of Root mean
tion coefficient ¢ Determination square error
Ttaly 1113 0.9994238 0.9988479 1.989923
Brazil 1088 0.9999283 0.9998566 3.013632
Switzerland 1099 0.9999178 0.9998356 0.061266
Peru 1099 0.9999050 0.99981 1.022324
Table 5: Function adjustment measures.
had a greater number of victims (represented by the
height on the ordinate axis). Meanwhile, subsequent
31.64 98.11

waves were considerably shorter in duration and had F(x
fewer victims. In each country, the last wave ends
almost flat (the slope tends to zero); under these cir-  Itely
cumstances, the pandemic ended.

~—
|

{

The Pearson correlation coefficients were greater
than R = 0.999 (see the third column of Table [5)), in-
dicating very strong positive linear associations; that
is, a high degree of association between the observed
data and the function. In the scatter plot, the observed
data are very close to the curve. The best adjustment F(z) =
was obtained for Brazil while that for Italy was the
worst, but the differences were minimal. The coeffi-
cients of determination (fourth column) indicate that
the functions obtained are explained or determined by
the differences in the days.

Brazil

The results are very good. Finally, the following hy-
pothesis was accepted: The existence of a correlation
that is greater than zero or a statistically significant F(x)
correlation (with p-value = 2.2 x 10716, less than the —~—
L. Switzerland
significance level of 0.01).

Equations , , @, and represent the func-
tions F(x):

1+ 26.6—0.141*x

14+ 210494—0.0334@

35.82 12.5
1+ 232.31—0.045*z 1+245.46—0.051*m
10.71

14+ 9257.88—0.056+x

(7)

152.06 464.04
1 + 25-62—0.045xz " ] | 911.9-0.029+x
48.72 21.45
1 4+ 251.47—0.074xz ' ] | 956.44—0.066xx
14.2
1 + 250.35—0.049%z (8)
1.77 7.51

1+ 926.49—-0.192+z 1+ 922.68—0.082x*x

1.5

3.1

1+ 9214.71-0.041*x 1+ 924.01-0.036*x

0.36

1 + 233.8-0.035x (9)
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Figure 2: Cumulative number of deaths from COVID-19 (in thousands) by day.

85.94 114.1

1+ 926.07—0.048+x 1+ 215.96—0.041*x
13.22 3.4

1+ 9244.35—0.063*x 1+ 9273.16—0.082x*x
3.33

1+ 9246.8—0.045+x

(10)

4.6 First derivative

The previous subsection was limited to describing the
waves through visual means. To better interpret the
mortality rate—represented by the slope or gradient of
the curves—the first and second derivative of the func-
tions F' were calculated. The third derivative was also
calculated, in order to confirm or check the inflection
points. In this way, a correct and elegant interpreta-
tion of the results was possible [22].
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The first derivative of the Logistic function F' or
equation is given in the equation :

BH In(2) 24-B=

F’(x): (1+2A—B$>2 )

(11)

where z is the number of days since the first case, F’(x)
is the death rate, H is the height of the wave, A and
B are the pandemic constants, and In is the natural
logarithm of base e; that is, In(z) = log, ().

The first derivative is useful as it represents the slope
of the curve or the speed of spread. It is also used to
calculate the second derivative.

4.7 Second derivative

To obtain the inflection point, it is necessary to calcu-
late the second derivative.

The equation is the second derivative of the
logistic function F(z); that is, the derivative of the

equation :

B2 H1n(2)? 245+ (1 -
(1 4 24-Bz)®

F// (x) _ 2AfBz)

where z is the number of days since the first case and
F"(z) is the second derivative (also called the acceler-
ation) of the cumulative number of deaths.

4.8 Third derivative
The third derivative F" (x) is:

B3 Hn (2)%24-B= (1—4. 2482 4 92 (A—Bz))
(1 4 24-Ba)*

(13)

4.9 Inflection point

A point ¢ on a curve y = F(z) is called an inflection
point if F is continuous there and the curve changes
from concave upward to concave downward (or vice
versa) at c [23, [24].

To obtain the inflection point(s), it is first necessary
to find the critical point of F’(x); that is, to solve the
following equation:

F(z) = 0. (1

e
S~—

The solution to the equation is given by z¢ = %
and yo = &
Finally, F""'(x¢) is evaluated as follows:

B3 Hn (2)*
FW(CCO) _ 811( ) ,

F"(x0) = —0.0416 B> H
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The result is different from zero (With B # 0 and
H # 0), which indicates that (4, %) is an inflection
point. It should be highlighted that, according to the
method of Higher Derivatives, if F’ ”(CU()) = 0 holds,
then xy must be substituted into the third derivative.
Then, if F"(x9) # 0 holds, then it is an inflection
point.

4.10 Applying high order derivatives
We continued by derwmg the funCtIOHb F(z). The re-

sults are equations (16| . , and ., represent

the first derivatives for Itauly7 Mex1co Brazil, Switzer-
land, and Peru, respectively, using equation .

3.1- 26.670.141*1: 2.99. 210.9470.033*13

! —_—
w © (1 426:6-0-141xx)2 T (] 4 210.94-0.033+z)2
ITtaly
1.12- 232.31—0.045*1
(1 + 232.31—0.045*%)2 + (16)
0.44 . 945-46—0.051%z 0.4 . 957-88—0.056+z
(1 + 245-46-0.051xz)2 T (] 4 257.88-0.056+z)2
, 4.76 - 29-62-0.045+z 9.44 . 911.9-0.029+x
i@ - (1 + 25-62-0.045%2)2 T (] 4 211.9-0.029+z)2
Brazil
2.48 . 951.47—0.074xx
(1 + 251.47-0.074xz)2 + (17)
0.98 - 256.44—0.066*x 0.49 - 25()‘35_0_049*14
(1 + 256.44—0.066*1)2 (1 + 250.35—0.049*m)2
o 024 96.49—-0.192+x 0.43 . 922.68—0.082xx
\,(,a.c.)z N (1 + 26:49-0.192xx)2 (] 4 922.68—0.082xx)2
ZEI“Y;EI-d
0.04 - 914.71-0.041%z
(1 4 214.71-0.041x2)2 + (18)
0.08 - 224.01-0.036xx 0.01 - 233-8—0.035x%x
(1 + 224.01-0.036xz)2 T (] 4 233.8-0.035+z)2
, 2.87 . 26.07—0.048xx 3.94 . 915.96—0.041%x
w - (1 + 26.07-0.048xx)2 + (1 + 215:96-0.041x)2
Peru

0.58 - 244.3570.063*1

(1 + 244.35-0.063+z)2 + (19)

0.19 - 273.16—0.082*3: 0.1-
(1 + 273.1670.()82*1:)2 + (1 + 246‘870‘045*1’)2

246.8—0.045*3?

To calculate the second derivative of the function
F(z), the equation was used.

The inflection points play an important role, as they
can be considered as so-called “happy days;” that is,
the day from which the infection rate begins to de-
crease (mathematically, the slope that was growing
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Wave Brazil Italy Switzerland Peru
1 124.38 46.68 33.87 126.08
2 405.60 335.82 277.2 389.42
3 699.89 716.04 358.53 699.39
4 854.16 888.31 676.27 892.89
5 1018.16 1034.38 964.09 1037.25

Table 6: Inflection points by country.

begins to decrease). On the graph, this is the point
where it changes from concave up to concave down (or
vice versa, in other circumstances).

Finally, the inflection points are detailed in Table [6]

4.11 Interpretation

The first derivative of the function F(z) allows us to
describe the behavior of the rate or speed of the num-
ber of deaths, and is also understood as the slope or
gradient of the function F(x).

Figure [3| shows the graphs of the first derivatives of
F(x) for each country as blue curves, where the inflec-
tion points are indicated by red vertical lines. For com-
parison between waves or countries, both axes have
the same scale. It can be observed that each wave be-
gins with an increasing rate, reaches an inflection point
(change), and then begins to decrease. This provides
an elegant and analytically based justification for the
term ”wave”.

Definition 4.1 (z). The value of the abscissa x are
the days elapsed since the first case or cases. Then, the
range (i.e., the number of days from an initial value x;
to another final value x;, with z; < xj) is the duration
or the number of days (z; — z; +1). A full wave, x is
the width (or the duration in days). This is valid with
respect to the function F'(z), the first derivative F’(z),
all of the derivatives in general, and their respective
graphs.

Definition 4.2 (F’(x)). The value of the ordinate
F'(z) is the slope of the original curve F(z) at point
z. In the case study, the slope is the change of the
death rate at the point z (i.e., on day z, if z € N). Tt
is also the velocity and, so, if this value is higher than
that on another day, it can be immediately understood
as indicating higher lethality.

Definition 4.3 (F"(z)). The value of the ordinate
F"(z) is the change of rate of F’(x) at point . In the
case study, is the acceleration at the point = (i.e., on
day z, if z € N).

The second wave in Brazil was the largest (in the
first figure, it can be observed that it led to more than
400,000 deaths), and its greater height implies that it
had a greater lethality.

The first waves in Italy and Switzerland reached
a lower death rate and shorter duration, which may

be for different reasons, including strict social isola-
tion measures and population differences. In Peru and
Brazil, it lasted more than 200 days and had fatality
rates below and above one, respectively. Using the
proposed model, it was possible to characterize the
waves of COVID-19, and it is expected that it can be
extended to other countries (which also present similar
patterns, according to our pilot study).

Figure [ represents the graphs of the second deriva-
tive of F(x) (for Italy and Brazil only) as blue curves,
with the inflection points indicated by dashed vertical
lines in red. It can be understood as the acceleration
of the number of deaths accumulated due to COVID-
19. As the second derivative represents the concav-
ity, when the graph crosses the abscissa axis, it indi-
cates that point as an inflection point; here, the second
derivative must change sign, which is interpreted as a
change in concavity (positive indicates upward concav-
ity and negative indicates downward concavity). Fi-
nally, the second derivatives F"(z) are given as equa-

tions , and .

0.3- 26.670.141*95(1 _ 26.670.141*1)

U
w (1 + 26-6-0.141x2)3 + (20)
Italy
0.05 - 210-94-0.088+z (1 _ 910.94-0.033+)
(1 + 210-94-0.033+x)3 +
0.04 - 232-31-0.045xz (] _ 932.31-0.045x2)
(1 + 232:31-0.045+2)3 +
0.02 - 245-46-0.051xz (1 _ 945.46-0.051xx)
(1 + 24546-0.051+z)3 +
. 957.88—0.056%x (1 _ 957.88—0.056+x
0.02-2 (1-2 )
(1 + 257-88-0.056+x)3
F”(x) - 0.15 - 25.6270045*1(1 o 25‘6270.045*:1:) 621)
— (1 + 25-62-0.045=2)3
Brazil

0.19 - 211.970029*1(1 _ 211.970.029*1)

(1 + 211.9—0.029*1‘)3
251.47—0.074*r(1 _ 251.47—0.074*1)

+

0.13 -

(1 + 25147007423 +

0.05 - 256~44—0.066m(1 - 256.44—0.066*w>

(1 + 256.44-0.066%2)3 +

0.02 - 250.3570.049*9:(1 _ 250.3570.049*1)

(1 + 250-35-0.049+)3
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Figure 3: The first derivative of the COVID-19 logistic function (blue curve) and the vertical projection of the
inflection points (red dashed line).
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Figure 4: Graph of the second derivative of the logistic function of cumulative COVID-19 deaths in blue (Italy
and Brazil) and the projections of the inflection points as red vertical lines.
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5 Conclusion

In almost all countries, and particularly in the study
countries (i.e., Italy, Brazil, Switzerland, and Peru),
the COVID-19 waves presented a sigmoidal behavior.
Therefore, the proposed model obtained high Pearson
correlation coefficients.

Through analysis of the type and quantity of oper-
ations, it was shown that the logistic function is opti-
mal; that is, it has the shortest execution time com-
pared to similar functions and it is not possible to re-
duce its operations. Additionally, a new version of the
logistic function g(z) was obtained and used, without
the addition of operations.

The first three derivatives of the sigmoidal logistic
function were calculated, allowing for a precise and el-
egant analysis. Moreover, the inflection points were
obtained (i.e., the point at which the concavity of
the function F' changes). The derivatives allowed the
waves of COVID-19 to be described, analyzed, and
compared, as well as providing justification for the
well-known term “waves.”

Highly representative and expressive sigmoidal lo-
gistic functions were obtained, which stand out for
their efficiency in running time, far surpassing that
of the tested artificial neural network. A good fit was
obtained with the function, as the waves presented sig-
moidal behavior which is typical of epidemics or pan-
demics.

The ANN can adapt to any curve without the re-
quirement that it presents a specific pattern. There-
fore, such a model would be preferable if atypical be-
haviors were present in the observed data, but at the
expense of additional time. Also, are suitable for large
data sets and high dimensionality in the input vari-
ables.

As a final point, neither model is better than the
other, and both have their advantages and disadvan-
tages. We consider both to be good for modeling epi-
demics, particularly when the data follow a sigmoidal
pattern.

The main contribution of this work is the gen-
eral model that can be used on data that are not
necessarily epidemiological; and with any function
h(x) with constant left and right asymptotes (that is,
lim, oo h(z) = L, and lim, o h(z) = R, where L
and R are constants, proven by mathematical induc-
tion). Also, the method of its construction, and the
calculation of high-order derivatives, which allow for
the development of an elegant and useful model, as
well as justification of the term “Wave(s)”.

Future work may extend the proposed model to
other countries. To build a model F(z), combine dif-
ferent functions (not necessarily sigmoidal). The study
of the effects of the waves on different variables, such
as the resources used during social isolation measures,
is also pending.
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