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In this paper, we propose a grossing-up algorithm that allows for gross income calculation based on tax
rules and observed variables in the sample. The algorithm is applicable in tax-benefit microsimulation
models, which are mostly used by taxation policy makers to support government legislative processes.
Typically, tax-benefit microsimulation models are based on datasets, where only the net income is
known, though the data about gross income is needed to successfully simulate the impact of taxation
policies on the economy. The algorithm that we propose allows for an exact reproduction of a missing
variable by applying a set of taxation rules that are known to refer to the variable in question and to
other variables in the dataset during the data generation process. Researchers and policy makers can
adapt the proposed algorithm with respect to the rules and variables in their legidative environment,
which allows for complete and exact restoration of the missing variable. The algorithm incorporates an
estimation of partial analytical solutions and a trial-and-error approach to find the initial true value. Its
validity was proven by a set of tax rule combinations at different levels of income that are used in
contemporary tax systems. The algorithm is generally applicable, with some modifications, for data
imputation on datasets derived from various tax systems around the world.

Povzetek: Clanek predstavlja algoritem obrutenja, ki omogo¢a izratunavanje bruto dohodkov iz neto
dohodkov ob Sirokem naboru davénih pravil razlicnih davénih sistemov. Algoritem omogoca

reproduciranje manjkajo€ih spremenljivk in je Siroko uporaben pri mikrosimulacijskem modeliranju.

1 Introduction

There are various techniques for data imputation, which
give to the researcher an opportunity to remedy the
situation when the dataset is not complete. This does not
come without costs, since data imputation can easily
introduce biased parameter estimates in statistical
applications [1, 2], or in other domains [3, 4]. Imputation
techniques rely on deterministic and stochastic
approaches, mostly under the assumption that the
variable in question is in some way related to other
variables under investigation. In this paper, we are
exploring a case of deductive approach [5], a possibility
to estimate a missing variable by applying a set of rules
for which it is known that they refer to the variable in
guestion and to other variables in the dataset. This set of
rules might be enforced in various contexts, for instance
by legislation, government policy, or other institutional
or social congtraints. If there is a consistent set of rules,
which are enforced in practice, and the rules are
comprehensive, the researcher could develop a formal
algorithm with respect to the rules and variables in the
dataset, which would alow for the data imputation of the
missing variable.

Let us consider the case of household budget survey
(hereinafter HBS) datasets. HBS surveys are
implemented at the national level of EU member states
[6], where taxpayers report their net income for different
income sources (e.g. wages, rents, pensions), as well as

socio-economic data, which enable estimations of tax
allowances and tax credits. HBS datasets are most
valuable in many microsimulation tax-benefit models.
Such models are standard tools in academia, in financial
industry, and for underpinning everyday policy decisions
and government legislative processes[7, 8, 9, 10].

Gross income represents a starting point for any tax
simulation (including tax-benefit modelling), but HBS
datasets are usually reporting only net amounts. As noted
in [7], one possibility to generate gross income is the
statistical approach based on information on both net and
gross income. Using this information, a statistical model
can be developed that yields estimates of net/gross ratios.
These estimates are then applied to net incomes in order
to compute gross amounts.

The second known technique is the iterative
algorithm that exploits the tax and contribution rules
aready built into tax-benefit models to convert gross
income into net income [8, 9]. The procedure takes
different levels of gross income for each observation,
applies them to the tax rules, calculates the net income,
and compares it with the actual net income as long as the
gross income fits the actual net income within
approximation limits.

Both techniques, namely the statistical approach and
the iterative algorithm, give gross income values that are
estimates and not the actual gross income values. The
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task is not trivial, since modern tax systems include
various rules for taxation and their combinations, and
they usually involve a bracketing system for one or more
parameters. Involvement of bracketing systems (and
especialy their combination) means that the calculation
of net income from gross income is analytically non-
reversible function.

In this paper, we are presenting a solution to this
problem, namely an algorithm that enables a full
restoration of the gross income value. The algorithm
includes a set of analytical inversions combined with a
trial-and-error approach to deal with bracketing system
combinations. The proposed agorithm alows for the
calculation of gross income from net income for a broad
set of taxation possibilities, where only information on
net income is available, along with information on tax
reliefs. The algorithm is feasible in cases of proportional
and progressive tax schedules of personal income tax
(hereinafter PIT) and socia security contributions. It also
covers tax allowances as well as tax credits. It is thereby
generally applicable to contemporary tax systems around
the world.

The validity and accuracy of the proposed algorithm
was tested by its application to a synthetic sample of
taxpayers using an artificial system of personal income
tax (PIT) and social security contributions. A comparison
of gross income, calculated from net income using the
proposed technique, with the initial gross income
demonstrates the compl ete accuracy of the algorithm.

The rest of the paper is organized as follows. In
Section 2, we analyse taxation rules that are used in
contemporary taxation systems. The analysis is a basis
for the formalization of the imputation algorithm, which
isexplained in Section 3, including detailed solutions and
proofs for various combinations of tax rules and
bracketing systems. A test of the validity and accuracy of
the proposed algorithm is presented in Section 4. In the
Conclusion, the proposed algorithm is presented in its
full form, which can be directly applied in practice.

2 Analysisof taxation rules

Gross income is a starting point for the taxation of
persona income, as to which we can distinguish three
basic approaches [11, 12]: comprehensive income tax,
dual income tax, and flat tax. Under a comprehensive
income tax system, al types of labour and capital
incomes are taxed uniformly by the same progressive tax
schedule. A dual income tax system retains progressive
rates on labour income, while introducing a proportional
tax rate on capital income, e.g. the Scandinavian dual
income tax [13]. The third option, which has been
dominating income tax reforms in Eastern Europe [14,
15], is the flat-tax concept, athough it is noted that this
concept has not been implemented in any country in
Western Europe [6].

Hereby we follow the most comprehensive procedure
for the taxation of gross income, which is presented in
Table 1 and includes a combination of progressive tax
schedules and flat rates, with the addition of tax
allowances and tax credits.
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Gross income

— Social security contributions®
= determined by social security contributions schedule
= set as aproportion of grossincome
= given in absolute amounts
— Other costs related to the acquisition of net income
= determined by a schedule
= set as aproportion of grossincome
= given in absolute amounts
— Tax allowances

= Personal income tax base
x Persona income tax rate®

= Initial persona income tax
— Personal income tax credit

= Final personal income tax

Net income = Gross income — Socia security contributions
— Final personal income tax

& Employee socia security contributions
b Either asingle (flat) tax rate or set by the tax schedule

Table 1: General procedure for taxing gross income.

Table 1 contains the general procedure for the
taxation of gross income. From gross income, employee
socia security contributions and other costs related to the
acquisition of income (eg. travel alowances or
standardized costs set as a proportion of gross income)
are deducted. Further, the tax allowances are subtracted
and the tax base is obtained, which is subject to a PIT
calculation using the tax schedule or a proportional (flat)
tax rate. In this way, the initial PIT is calculated, which
could be further reduced by a tax credit in order to
calculate the final PIT and the net income.

From the taxation point of view, other costs related to
the acquisition of income have consequences identical to
social  security contributions or tax allowances.
Therefore, our further  development  implicitly
incorporates these costs into the concepts of socia
security contributions and tax allowances.

When the schedules are applied, the PIT schedule or
social security contributions schedule consists of a
number of tax brackets with different marginal tax rates.
The amount of PIT is calculated from the tax base
according to the PIT schedule. Likewise, the amount of
social security contributions is determined by gross
income and the social security contributions schedule.

In general, at the annual level tax bases from different
income sources are summed up into a single tax base,
which is subject to a single-rate schedule, and then the
final annual PIT is calculated. An alternative option is a
dual-tax system, where the PIT is calculated separately
for different income sources (multiple-rate schedule).

The procedure from Table 1 covers the existing tax
systems to a great extent. In severa OECD countries
[16], the employee social security contributions are
determined by the schedule (i.e. Austria, France) or set as
a proportion of gross income (i.e. Spain, Norway), while
socia security contributions set by absolute amount are
not very common and can be found, e.g., in Slovenia for
certain categories of the self-employed.

The algorithm applies the logic of social security
contributions to the Other costs related to the acquisition
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of net income (i.e. cost connected with the real estate
maintenance in the case of taxing income from rents) and
tax allowances (i.e. for children or interest of housing
loan alowances), which are found across the tax
systems. The algorithm also covers the case of social
security ceiling (i.e. in Austria, Germany). Regarding the
calculation of PIT, the algorithm covers the prevailing
progressive PIT schedule, as well as flat-tax systems (e.g.
in Hungary or Bulgaria).

However, the algorithm (more precisely, eguations
that cover specific combinations of tax parameters) has
to be adapted to certain country specifics, which are not
explicitly set out by the procedure from Table 1. For
example, if social security contributions are not included
in the PIT base, the gross income shall be calculated by
the algorithm assuming that social security contributions
are zero. Another example refers to above mentioned
socia security contribution ceiling. In this case, a zero
rate tax bracket of social security contribution schedule
above the set ceiling should be applied in an appropriate
equation that is suitable to the specific combination of
tax parameters of the particular country.

The agorithm hereinafter is derived for the case
when there is only one PIT instrument and one SSC
instrument, thus two instruments in total. However, in
actual fiscal systems there are cases when two or more
PIT or SSC instruments are applied to a single income
source at the same time. In these cases, the net to gross
conversion is more complicated, since a “compression”
of two (or more) PIT or SSC instruments should be done
into asingle PIT or SSC instrument.

During the year, when a particular income source is
paid out, the advance (in-year) PIT is usualy paid at the
time of disbursing the income source. This advance PIT
is taken into account once the final annual PIT is
calculated (i.e. the advance PIT is consolidated with the
annual PIT). This procedureis called withholding.

Understanding the mechanism of (in-year) advance
PIT is important when we are dealing with survey data,
such as HBS datasets. In a typical survey, respondents
report their net income from different income sources for
a certain period of the year, when their income sources
are only subject to (in-year) advance PIT. In order to
calculate the overall annua gross income, the reported
net income from different income sources should be
initially grossed-up using the algorithms that take
account of various rules of advance (in-year) PIT and
social security contributions for each income source
separately. The focus of our paper is the development of
these grossing-up agorithms for different income
sources. Once the grossed-up amounts from different
income sources are calculated, they can be summed up
into overall taxpayers’ annual gross income, which is the
starting point for building a microsimulation model.

Thus, the calculation of gross income from net
income of a single income source (i.e. calculation of
gross wages from given net wages) thus depends on
different combinations of tax parameters from Table 1,
which are described in detail as an algorithm in the
paper. For example, in a case when gross wages are
subject of: (a) progressive PIT schedule, (b) socia
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security contributions, which are set as a proportion of
gross wage with a ceiling, (c) tax allowances, and (d)
without tax credits (e.g. in-year taxation of wages in
Croatia), then equation (9) should be applied. Since the
ceiling of social security contributions is set, thisimplies
that the applied value of socia security contribution rate
above the ceiling should be zero.

Table 1 can be transformed into the following
expression:;

N=G-S-PIT, 1)

where N and G represent net and gross income,
respectively, Sisthe sum of social security contributions,
and PIT isthe personal income tax.

Social security contributions S are a function of gross
income. Similarly, PIT is a function of the tax base,
which is the difference between gross income (reduced
by social security contributions) and tax allowances, TA.
This can be generalized as follows:

N=G-f(G)- for (G- f5(G)-TA). )

Function f5(G) can be defined in practice in different
ways. A common approach is to use a schedule system,
but it can also be defined as a proportion of gross income
or as an absolute amount.

In practice, function fp(G — f§(G) — TA) is usually
defined by a schedule system (different from the
schedule system for social security contributions). As
mentioned, function fpr can also incorporate the concept
of atax credit.

Our task is to estimate gross income G from
expression (2) from the known vaues of N and TA and
from a set of constraints that are usually given by social
security contributions and PIT schedule systems, or by
other legidative rules. The combination of two schedule
systems makes solving equation (2) for G particularly
challenging. The solution we propose in this paper has a
trial-and-error nature. The idea is to prepare a set of all
possible (PIT and social security contribution) bracket
combinations. Then, we calculate for each taxpayer
‘candidate’ gross income values for each bracket
combination, calculate net incomes from these candidate
gross incomes, and compare the results to the starting
value of net income. The gross income candidate that fits
(or equals) the net income is the true gross income value.
Thefit is exact, i.e. we find the actual grossincomein a
non-iterative way.

The following section describes the construction and
design of the procedures we propose to dea with
different income sources taxed by different rules. The
general setup of the grossing-up agorithm is explained.
Sections 3.2 and 3.3 set out a detailed examination of
various taxation rules for social security contributions
and tax crediting, together with the proposed grossing-up
procedures for specific tax rule combinations.
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3 Dataimputation algorithm

In this section, we explore a general setup where the tax
system involves a combination of the following
elements:. (1) a social security contributions schedule, (2)
a PIT schedule, and (3) tax alowances. This general
setup forms the basis for development of the proposed
algorithm. In the next steps, we incorporate other tax
complexities, i.e. other rules for calculating social
security contributions and various rules for determining
tax credits.

Function f{G) can be expanded by the rules of the
socia security contributions schedule to:

fS(G)=S:SS(G—LS)+§Sj(Hj—LJ.), (3)

i.e. for each bracket, social security contributions are
equal to the social security contributions marginal rate
S, multiplied by the difference between gross income G
and the lower bracket margin (s denotes the social
security contributions bracket). This amount is added to
the social security contributions, which are collected for
all “lower” brackets (i.e. brackets from 1 to s— 1). Hs and
Ls denote the upper and lower social security bracket
margins.

Similarly, function fp+ can be expanded by the rules
of the schedule system for PIT to:

for (G) = PIT =Tr, (G — f5(G) - TA-L, )+

S(H,-L), @

where Try, isthe marginal tax rate for PIT bracket b, Ly, is
the lower margin for bracket b, Tr; is the marginal rate
for bracket i, and H; and L; are the upper and lower
margins of bracket i, respectively.

By combining (3) and (4), we obtain:

Ng :G$_(Ss(6m_Ls)+§Sj(Hi _Li)j_
_£Trn {Gsb _[Ss(Gsb _Ls)+§gj(Hj - Lj)]_ (5)
-TA- Lb)+§Tri(Hi—Li)J,

The above equation holds for an individual taxpayer,
when PIT was calculated by the tax authorities in such a
way that social security bracket s corresponds to gross
income G, and PIT bracket b corresponds to (G - S -
TA). Since we do not know the actual G and S, we cannot
directly establish, which PIT and social security
contributions brackets (and corresponding marginal
rates) were actually used for each individual taxpayer by
the tax authorities.

By reordering expression (5), we can express gross
income as follows:
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Ng - S L -Tr L, +S,Tr L B
(S, -1(Tr, -1)

_TrbTA+TrbZS -2, -z,

(S, -1)(Tr, -1)

Gy =

(6)

where

T, =biTri(Hi -L)

i=1
and

s-1

o= S (H-Ly).

=1

Following our genera trial-and-error scheme, the
grossing-up algorithmis as follows:

1. For each statistical unit, calculate the matrix with
K-B candidate gross incomes as its elements,
according to equation (6):

Gll GKl

GlB e GKB

where K and B are the number of socia security
contributions brackets and the number of PIT
brackets, both defined by the PIT and social security
contributions  system, respectively, and where
k=1...,K and | =1,...,B.

2. Calculate the net incomes from the matrix of
candidate gross incomes according to the tax rules:

3. Inthe above matrix, find the net income Ny, which is
equal to the starting net income for this individual
taxpayer: N =N, .

4. The actua gross income G for this individual
taxpayer isthen: G=G,; .

In the next subsections, we discuss the following
extensions to this general setup: (1) socia security
contributions are not determined by the schedule system,
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but as a proportion of gross income or as an absolute
amount (Section 3.1), and (2) tax credits are included
according to various rules for their determination
(Section 3.2).

3.1 Variationsof social security
contributions

In the following section, we extend the general setup to
include cases where social security contributions are not
determined by a schedule, but as a proportion of gross
income or as an absol ute amount.

3.1.1 Social security contributionsasa
proportion of grossincome

When socia security contributions are set as a proportion
of grossincome, equation (2) can be rewritten as:

N=(1-5)G-f((1-5)G-TA), @)

where & is the rate of social security contributions,
expressed as a proportion of the gross income. By
simplifying equation (5), we obtain:

N, =(1-5)G, (Tr, ((1-5)G, - TA- L, ) +

bt )
DuICEN)!

which holds for each PIT bracket b. By reordering, we
can express the gross income with the equation:

N, -TRTA-TrL, +3,

b= (-9 )T, (1-9) ®

From here, we can proceed according to the general
setup, outlined above.

3.1.2 Social security contributionsasan
absolute amount

When social security contributions are set as an absolute
amount, we can simplify equation (5):

N, =G, -S—(Tr,(G, - S-TA-L, )+

b-1 (10
+ T (H -1 )j
i=1
and by reordering we obtain:
N =Tr,S-Tr,TA-T z
G, - p +S-=Tr,S-Tr, r,L, + . (11)

1-Tr,

From here, we can proceed according to the general
setup, outlined above.
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3.2 Grossing-up procedurewhen PIT is
subject to a tax credit

A tax credit means that PIT is reduced by a certain
amount (called a tax credit) and that the gross income
source is effectively not taxed with the full PIT (the
‘initial PIT”), but with the PIT reduced by the amount of
the tax credit (the “final PIT”). In practice, if a tax credit
is calculated to be greater than the initial PIT, then net
income N equas gross income G, as the net income
cannot exceed the gross income (i.e. a tax credit can be
ashigh asthe initial PIT).

In various tax systems, atax credit can be defined in
three ways: (1) as a proportion of the initial PIT, (2) asa
proportion of the gross income, or (3) as an absolute
amount.

321 Taxcredit asaproportion of theinitial
PIT

In general, we can express a tax credit as a proportion of
theinitial PIT as:

N=G-f5(G)- for (G- f5(C)-TA) +

12)
+Car - fPIT (G - fs (G) —TA),

where cpt1 is the share of the tax credit in the initial PIT.
Following the above, we can write;

N, =Gsb—[9rs(em—Ls)+SZf9r,-(H,- —L,-)]—
=t
—(Tr{eﬂ, —[S’S(Gsb L)+ S e H, - Lj)J—
=t

TA-L)+ ST (H, —Li)j+

i=1

(13)
+Corp [Trb[Gsb —(SrS(GSb -L)+ ESJ (H, - Ll)j -

TA-L)+ ST (H, —Li)J,

i=1

which holds for a specific combination of social security
contributions and PIT brackets. Solving (13) for G, we
obtain:

Ny =Syl —TrL +CTr L + TS Ly
(1-5,)(Tr, (Cor —1) +1)

B Cor T, S L+ T, TA—C, I, TA B
(1-9,) (T, (Corr —1) +1)

2 (T, (1 Corr ) 1)+ (G ~ D3,

(1-9,)(Try (Cor —1)+1)

S

(14)

When the tax credit is set as a proportion of the initial
PIT and social security contributions are defined by a
schedule, the above equation should be used instead of
expression (6) in the general setup.
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Tax credit as a proportion of theinitial PIT and social
security contributions as a proportion of the gross
income

Where social security contributions are set as a
proportion of the gross income, the general procedure
can be simplified. In this case, the net income can be
expressed as:

N=(1-9)G-f((1-9)G-TA)+

+Copr - T ((1-5)G-TA). =

The following equation holds for a particular tax
bracket b:

N, =(1-5)G, —(Tr,,((l—Sr)Gb ~TA-L, )+

b-1

A0 e (T (@-9)a - a9

i=1

TA-L)+ ST (H, - L, )].

i=1

By reordering we obtain:

N, —(1—Cppr )(TH, L, + T, TA-X, )

=" F)(A-Tr, +Cop T, an

Thus, when a tax credit is set as a proportion of the
initial PIT and social security contributions are set as a
proportion of the gross income the above equation should
be used instead of expression (6) in the general setup.

Tax credit as a proportion of theinitial PIT and social
security contributions as an absolute amount

If social security contributions are set as an absolute
amount, we can redefine equation (10) to incorporate tax
credit as aproportion of theinitia PIT:

N, =Gy — S—(Tr, (G, - S-TA-L,)+
b-1
S0 (o6 -s-TAL)+ @)

i=1

+biTri (H -4 )]

i=1
and by reordering we obtain:

N, +S+(cyr —1)(Tr L, + T, S+ Tr,TA-%, )
- (1-Tr, +Cor Ty '

G, (19)

Thus, when a tax credit is set as a proportion of the
initial PIT and social security contributions are set in an
absolute amount, the above equation should be used
instead of expression (6) in the general setup.
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3.22 Taxcredit asaproportion of the gross
income
If the amount of atax credit is defined as a proportion of

the gross income, the net income calculation can be
formalized as:
N=G-f(G)— fp; (G- f(G)-TA) +c, -G, (20)

where c; is the tax credit share of the gross income. For
clarity, we can denote the initial PIT as:

PIT| = fPIT (G_ fs(G)_TA) (21)
and thefinal PIT as:
PIT; = fo: (G- fs(G)-TA) —¢c; -G (22

Since atax credit can be as high asthe initia PIT, the
following rule applies:

¢, G<PIT;

G- (G)-PIT. if
— S( ) F I (23)
¢, -G>PIT,.

G- f,(G) if

Due to this rule, the gross income cannot be easily
estimated from net income N and tax allowances TA, as
PIT, and c¢; -G are not known at this stage. The rule
implies that the actual calculation of net income N for
each taxpayer was done by the tax authorities either by:

N=G- 15 (G)-fo;: (G- Ts(C)-TA) +c;-G  (24)
when c; -G < f; (G- f5(G)-TA), or by:
N=G- f,(G) (25)

when c; -G 2 f,; (G- f5(G)-TA).

When we are interested in G, we can use these two
approaches in reverse fashion (calculating G and not N),
but we do not know which one, (24) or (25), is correct.

Let us consider the case when we calculate G for a
particular taxpayer from known values of N, TA and the
PIT schedule (as in Table 1), once by using the rule
expressed in equation (24) and once by using the rule
expressed in (25). We obtain two estimates for the
taxpayer’s gross income G:

G =N+ fy(G) + for (G- f5(G)-TA)—C, -G (26)

and
G"=N+ f4(G). (27)
If the net income N for this particular taxpayer was

actually calculated according to expression (24), this
inequality holdstrue:
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(N+ f5(G) + for (G- f5(G) -TA) - 28)
~¢;-G)>(N+ £,(3)),
since ¢; -G < fy; (G- fg(G)—TA) must hold. By using
(26) and (27), we obtain:
G'>G". (29
The proper value of grossincome G is G', since net
income N for this particular taxpayer was actualy
calculated according to expression (24).
Let us consider the opposite case where net income N

for our taxpayer was actually calculated (by the tax
authorities) according to (25). In this case, we can write:

( N+ fs(G) + fPIT (G - fs (G) _TA) - (30)
~c;-G) < (N+ £,(G)),
since ¢ -G 2 f,; (G- fg(G)-TA) must hold. By using
(26) and (27), we obtain:
G'<G". (3D
The proper value of gross income G in this case is
G". Following (29) and (31), we can conclude that in
both cases the highest value of G' and G” is the one
that actually holds:

G=max(G',G") (32)

or

G =max((N + f5(G) + oy (G- f5(G) - TA) -

(33)
~c:-G),(N+ (@),

For the construction of a general setup in the case of
tax credits given as a proportion of the gross income,
where social security contributions and PIT are
calculated according to their schedules, we need to
express equation (33) in a more exact way, for a specific
combination of social security contribution and PIT
brackets. The specific form for equation (26) is then:

s1
Ng, —Gm_[ss(Gm - Ls)+ZSJ(Hj - LJ’)J_
=

—{Trb [Gsb —[S’S(GSb -L)+ ZS'J. (H, - Lj)] - (39
—TA—Lb)+ZTri(Hi - Li)j—cGGsb

and for equation (27):
N, :Gsb—ss(esb—l_sﬂisjmj -L,). (35
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From expression (34) we obtain:

Ny -5, L -Tr, 2, -Tr, L,

!

® l4c, -9, -Tr, + S, Tt (3
N ST L T TA+Z +X,
1+cs - S, =T, + S, Tr,
and from expression (35):
Ng -, L+
Gy = T T%s (37)
1-S,

According to expression (32), we can establish the
right value for grossincome G :

G, = max (G}, GL). (38)

Tax credit as a proportion of the grossincome and
social security contributions as a proportion of the
grossincome

Where social security contributions are set as a
proportion of the gross income, the calculation of net
income N for each taxpayer was done by the tax
authorities either by:

N=(01-3)G-f; (l-S)G-TA+c,-G (39
when ¢ -G < fo; (1-S)G-TA), or by:
N=(01-9)G (40)

when c¢,-G2= f,;((1-S)G—-TA). The reasoning is
similar to that above where we constructed equations
(34) and (35). These two equations can be simplified
since we only have one social security contributions rate
S, and we obtain:

N, =(1- )G, —(Trb((l—S)Gb ~TA-L, )+

b-1 (41)
+> T (H, - ))+ .G,
i=1
and
N, =(1-9)G,. (42)
From this, we obtain two solutions for G
- N, -Tr,L, —Tr,TA+ZX, (43)

S l4c - -Tr,+9Tr,

and
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_ Nb
-

G (44)

which should be used in the general setup instead of (36)
and (37), respectively. Again, the matrix of candidate
solutions is one-dimensional (a vector for gross income
candidates, i.e. one value for each PIT bracket), since
thereis only one social security contributions rate.

Tax credit as a proportion of the grossincome and
social security contributions as an absolute amount

In this case, the procedure can follow the same principles
we used to construct equations (34) and (35). Since
social security contributions are now set as an absolute
amount, these two equations can be simplified:

N, =G, -S—(Tr,(G, - S-TA-L, )+

b-1 (45)
+2. T (H -1 )j +65G,

and

N, =G,-S. (46)

The gross income for both cases can then be
calculated from:

N, +S-TrL, -Tr,S-Tr,TA+3,

G,
1+c5 =T,

(47)

and

G/=N,+S, (48)

which should be used in the general setup instead of (36)
and (37), respectively.

3.2.3 Tax credit asan absolute amount
If the amount of a tax credit is defined as an absolute
amount, the procedure is similar to the one described in
Section 2.3.2. The net income can be expressed as:
N=G-f,(G)- Ty (G- f(G)-TA) +C, (49
where C is the amount of the tax credit. Theinitia PIT is
the same as in Section 2.3.2, equation (21), and the final
PIT is:

PIT,. = f, (G- fs(G)-TA)-C. (50)

The following rule applies:

M. Verbi¢ et al.
G- (G)-PIT. if C<PIT;
_[6-f@-PIT, i T
G- 15(G) if C>PIT,.

If net income N for a particular taxpayer was actually
caculated (by the tax authorities) according to C < PIT,

in (51), thisinequality holdstrue:

(N+ f5(G) + for (G- f5(G)-TA) -C) >

SN+ @)

snce C< f,;(G-1(G)-TA) must hold. In the

opposite case, i.e. if net income N was calculated
accordingto C > PIT, , then:

(N + fs(G)+ fPIT (G_ fs(G)_TA)_C)

<

53
<(N+15(G)), =
since C 2 f,; (G- f4(G)—TA) must hold.

Following a similar reasoning to that in Section 2.3.2,
we can conclude that the actual gross income G for a
particular taxpayer must be:

G =max((N+ fs(G)+ for (G- f5(G) -

(54)
~TA)-C),(N+ 5(G)))
Quantity G’ can be estimated from:
s-1
Ng =G, _[Ss(Gm - Ls)+ZSJ(Hj - LJ’)J_
j=1
s-1
—{Trb[esb —[S’S(Gsb L)+ S (H, - Lj)] - (55)
j=1
b-1
~TA-L,)+ > Tr(H, - Li)j+c
i=1
and solving for Gg;:
, Ng+C+S L +Tr L, —STrL,
G, =
(S -1)(Tr, -1
(56)

T TA+TRE -2 -2,
(S, -1)(Tr, -1)

whereas the estimation of G” is already explained in
(36) and (38).

We can conclude that in cases where the amount of a
tax credit is defined as an absolute amount, the general
setup is the same as that described in Section 2.3.2,
except for equation (36), which should be substituted by
equation (56).
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Tax credit as an absolute amount and social security
contributions as a proportion of the grossincome

Where when social security contributions are set as a
proportion of the gross income, the calculation of net
income N for each taxpayer was done by the tax
authorities either by:

N=(@1-5)G-f; (1-S)G-TA)+C (57)
when C < fy; (- S)G-TA), or by:
N=(1-9)G (58)

when C2 f,; (1-S)G—-TA). The reasoning is similar

to that in Section 2.3.2. Equation (41) can be rewritten in
the following form:

N, = (1-5)G, —(Tr, ((1- )G, - TA- L, ) +

b-1 (59
+> T (H, - )j+c
i=1
and from this, we can obtain:
G - N,-C-Tr,L, -Tr,TA+ZX, ’ (60)

(S -1)(Tr,-1)

which should be used in the general setup instead of (43),
whereas equation (44) aso applies in this case for
obtaining G, . Again, the matrix of candidate solutionsis

one-dimensional (a vector for gross income candidates,
i.e. onevalue for each PIT bracket).

Tax credit as an absolute amount and social security
contributions as an absolute amount

In this case, the procedure can follow the same principle
we introduced in Section 2.3.2. Since social security
contributions are given as an absolute amount, equation
(34) can be written in this way:

N, =G, -S—(Tr,(G, - S-TA-L, )+

+2Tﬁ (H -4 )j+C,

(61)

whereas equation (46) also holds in the case socia
security contributions are set as an absolute amount. The
gross income can then be calculated from (61) as:

G- N,-C+S-Tr,L, -Tr,S-Tr TA+3,
1-Tr, ’

(62)

which should be used in the general setup instead of (36),
together with (48), which was derived from (46).
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3.3 Algorithminitsfull form

For clarity, the grossing-up procedure that we developed
in the above sub-sections is given below, including all
combinations of the taxation rules that we described in
the subsections following the basic setup at the beginning
of Section 3.

1. For each dtatistical unit, calculate the matrix of
K-B candidate gross incomes according to
equation (6):

GlB T GKB

where K and B are the number of socia security
contribution brackets and the number of tax
brackets, both defined by the tax and socia security
contribution ~ systems, respectively, where
k=1...,K and 1 =1,...,B.

Formulas for specific combinations of taxation
rules can be found in Table 2.

In cases where only the tax schedule system is
used and socia security contributions related to the
acquisition of the income are set as one parameter,
the above matrix of candidate gross incomes

becomes avector {G,....,G,...,Gg} .

2. Cadlculate the net incomes from the matrix of
candidate gross incomes according to the tax rules:

N, N,
N = N,
N, N
or
L N YR

3. In the above matrix, find net income Ny (or N)),
which is equal to the starting net income:

N=N, (or N=N,).

4. Theactual grossincome G is then:

G=G, (or G=G).
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System without tax credits Equation
Schedule for social security G. = No =Sl ~TrbL + SyTrL, ~TRTA-TrE, + 3, + 2,
I contributions ® (5, -1)(Tr, -1) (6)
Social security contributionsas g _ No = THTA-TrL, +3,
Il aproportion of grossincome T (1-9)-Tr,(1-& 9)
b
Social security contributionsas g _ Np +S—TR,S—TR,TA-Tr L, + >
I an absolute amount ® 1-Tr, (11
Tax credit as a proportion of the initial PIT Equation
G, - Ng — S —Tr L, +Cor T L + Tr Sy L — Cor T, S L = T, TA N
v Schedule for social security (1~ Ss)(Trb (Corr 1) +1)
contributions Corr TRTA= 2 (Tr, (1~ Gy ) 1) — (Corr ~ D, (14
(1= 9,)(Tr, (Cory —1) +1)
y  Socid security contributionsas g _ No = (1= o )(Try Ly, + Tr,TA- 3, )
aproportion of grossincome ® A-S)(A-Tr, +Coy TT) 7
y|  Socid security contributionsas g _ N, + S+ (Cor —~1)(TryL, + TR, S+ TR,TA-3, )
an absolute amount ® (1-Tr, +Cor 1) 19
Tax credit as a proportion of grossincome Equation
Gy, = max (G;b ) ng) (38)
N,-S L -TrE -Tr,L, + S, Tr,L.—Tr,TA+Z_+X
Schedule for social securi Gy=—2—=s 0 00 b B 0 S
i el vy ® lrce—S, T+ 9,1, (36)
Ny, -, L. +Z
G'/ — sb b™=s s
b 1-s, (37)
G, = max(G;,G}) (38)
N, -Tr,L, = Tr,TA+X
Vil Social security contributionsas G, =-—2—b2®b b T @3)
aproportion of grossincome 146 -5 T, + ST,
N
Gv/ — b
Tl (44)
G, =max(G,,G;) (38)
|x  Social security contributionsas -, _ N, +S+Tr L, —Tr,S-Tr,TA+X, 47)
an absolute amount b 1-c. —Tr
G b (48)
G =N, +S
Tax credit as an absolute amount Equation
) ) , Ng+C+9,L+TrL, - S Tr L +TrTA+TrX -2 -,
y  Schedulefor social security Gy = (S.-1) (T, -1) (56)
contributions s b
Ny, -S,L.+2
G" — sb b™s s
® 1-9, S
N r;aX(Sb’ib)L I, TA 9
, -C-Tr,L,-Tr,TA+Z
x|  Social security contributions as y = —2 5 bl bT bl b (60)
aproportion of grossincome (S -1(Tr,-1)
N
Gﬂ — b 44
= (44)
G, =max(G,,G;) (38)
X1 Social security contributionsas  ~/ _ N,-C+S-TrL, -Tr,S-Tr TA+X, (62)
an absolute amount b 1-Tr
’ (48)
G/=N,+S

Table 2: Equations for specific combinations of taxation rules.
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4 Resultsand discussion

Table 3 presents a summary of all possible social security
contributions and tax credit combinations explored in
Section 3. In redlity, for any income source one of these
combinations is applicable. Paralel to this, the PIT
schedule system and tax allowances in absolute amounts
are assumed.

Our approach can also be applied to flat PIT systems
(i.e. with a single proportional PIT rate). If thisis a case,
we apply only one PIT bracket with a positive marginal
PIT rate. Where tax allowances are not set as absolute
amounts, they can be expressed as an ‘additional layer’
of social security contributions.

To test for the validity and accuracy of the proposed
algorithm, we created a synthetic sample of 10,000
taxpayers with a normally distributed gross income,
where the mean gross income was 50,000 mu (monetary
units) and the standard deviation was 11,500 mu. We
assumed the following tax parameters:

1. ThePIT schedule includes three brackets:

e 0- 20,000 mu, a15% margina PIT rate;
e 20,000 - 50,000 mu, a25% marginal PIT rate;
e over 50,000 mu, a45% margina PIT rate.

2. The social security schedule includes three brackets:

e 0-10,000 mu, a17% margina rate;
e 10,000 - 40,000 mu, a 20% marginal rate;
e over 40,000 mu, a 0% marginal rate.

3. Socia security contributions as a proportion of the
gross income were set at 22%.

4, Socia security contributions as an absolute amount
were set at 500 mu.

5. Tax alowances were set at an absolute amount of
2,000 mu.

6. The amounts of tax credits were given as follows:
13% of the gross income, 6% of the initial PIT, or
200 mu.

These parameters were applied to the entire population of
taxpayers according to the general procedure for taxing
gross income (Table 1) and the specific combination of
tax rules from Table 3.

In the first step, we generated the amount of gross
income for each taxpayer. In the second step, we
calculated the net income according to combinations | to
X1l (from Table 3) of the tax rules, asis done in practice
by tax authorities.

In the third step, we applied the proposed grossing-
up agorithm to combinations I-XI1I for each taxpayer.
Finaly, we compared the grossed-up income with the
initial grossincome.
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Schedule for Socia Social
social security security
security contributions  contributions
contributions asa asan
proportion of absolute
the gross amount
income
System
without tax | Il 11
credits
Tax credit as
aproportion
of the initial v v Vi
PIT
Tax credit as
aproportion il VIl IX
of the gross
income
Tax credit as
an absolute X Xl XIl
amount

Table 3: Summary of tax rules combinations (detailed
equations are given in Table 4).

The comparison of the gross income, calculated from
the net income using the grossing-up agorithm, with the
initial gross income demonstrates the complete accuracy
of the algorithm for all income types.

As an example, we can repeat the steps for an
individual taxpayer with a gross income equa to
49,433.10 mu. In the second step, we calculated the net
income amount for al 12 combinations of the tax rules
(see Table 4).

Schedule for Social Social
social security security
security contributions  contributions
contributions asa asan
proportion of absolute
the gross amount
income
S}_/stem 33,799.80 31,418.30 39,199.80
without tax 0 an )
credits
Tax credit as
aproportion 34,275.80 31,846.70 39,783.80
of theinitial (v) V) v
PIT
Tax credit as
aproportion 40,226.10 37,844.60 45,626.10
of the gross (V1) (v (1X)
income
Taxcreditas g4 999 g5 31,618.30 39,399.80
an absolute
(X) (X1) (X11)
amount

Table 4: Net income for a chosen taxpayer with G =
49,433.10 mu.

For each net income from Table 4, we applied the
grossing-up algorithm (i.e. eguations from Table 2).
According to the technique, several gross income
candidates were calculated for each of these net incomes.
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Due to space limitations, here we (arbitrarily) present the
gross income candidates for net income V1I:

48,465.20 50,134.40 48,465.20
G" ={49,907.60 51,371.40 49,907.60;.
47,926.10 49,433.10 47,926.10

To each of these gross income candidates we applied
the taxation rules (in this case the combination of
taxation rules V11) and calculated the net income:

39,374.40 40,843.20 39,374.40
NY' =140,643.70 41,931.80 40,643.70; .
38,900.00 40,226.10 38,900.00

By comparing the elements of matrix N"' with the net
income for a combination of tax rules VIl from Table 4,
which equals 40,226.10 (V1I), we identified the matching
element in the third row and the second column. The
corresponding gross income in matrix G equals
49,433.10, which is identical to the initial gross income
of this particular taxpayer. In other words, for this
combination of tax rules (VI1), the proposed grossing-up
algorithm is accurate.

We repeated such tests for al 12 tax
combinations and for 10,000 individual cases.

rule

5 Conclusion

In this paper, we presented a detailed construction of
deterministic data imputation algorithm. In particular, we
described an exact grossing-up algorithm for calculating
the pre-tax income from data, which are only availablein
net (after-tax) form, and proved its successfulness, since
it leads to a complete data reconstruction.

Contemporary tax systems are rich in complexity, and
some of tax rules combinations might not be covered by
our technique. However, we believe that the general
architecture of our proposition is sound and flexible
enough to incorporate (with some modifications)
additional, locally specific tax rules.

In generd, if a set of rules that relate to the variables
under investigation could be assembled, researchers and
policy makers can perform data imputation in
deterministic fashion, and construct the algorithm for the
exact analytical generation of the missing values.

In future research efforts, a framework for feasibility
assessment of such approach could be envisioned, which
would employ estimates on rules’ consistency and
complexity on the one hand, and measures of the quality
of replicated data on the other hand.
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